We show that the Davenport-Stothers inequality fails in any characteristic p > 3. The proof uses elliptic surfaces over P 1 and inseparable base change. We also comment on corrected inequalities. Our ideas are related to supersingular surfaces (in Shioda's sense). For characteristic 2 and 3, we achieve a similar result in terms of the maximal singular fibres of elliptic surfaces over P 1 .
Introduction
We recall a result of Davenport (later an existence result was established by Stothers [St] ):
Theorem 1 (Davenport [D] ) Let M ∈ N and f, g ∈ C[t] with deg f = 2M , deg g = 3M . Then
An extensive account of this result and interesting applications to elliptic surfaces can be found in Shioda's paper [Sh2] . Shioda remarks that the inequality holds in characteristic p (i.e. for polynomials f, g ∈Fp[t]) if p > 6M . We will refer to this as DS(M ) holds mod p. For M = 3, 4, Shioda's results were complemented in [S2] to prove that DS(M ) holds mod p for any p > 3. (For M = 1, 2, this follows from the theory of rational elliptic surfaces.)
The main aim of this note is to prove the following converse statement:
Theorem 2 Let p > 3. Then there is an M0 ∈ N such that for any M ≥ M0, DS(M ) does not hold mod p.
The proof of this theorem is given in Section 2. It makes extensive use of elliptic surfaces and (inseparable) base change. We also comment on the actual best value of M0. In Section 3, we give the corrected inequalities. Sections 4 and 5 treat the exceptional characteristics 2 and 3. In Section 6, we summarize implications for the Néron-Severi group over finite fields. Section 7 concludes the paper with an extensive investigation of DS(M ) mod 7.
Proof of Theorem 2
The main idea to prove Theorem 2 is to construct an elliptic surface X with section over P 1 which corresponds to the pair of polynomials (f, g). Over a field k of characteristic = 2, 3, this can be given in Weierstrass form X = X f,g : y 2 = x 3 − 3f (t) x + 2 g(t)
with f, g ∈ k [t] . Such an elliptic surface has singular fibres only at the cusps, i.e. the zeroes of the discriminant ∆ = 1728(f 3 − g 2 ) plus possibly at ∞. We employ Kodaira's notation [K] to describe the types of singular fibres. If the fibre at ∞ has type In or I * n , then f and g can be chosen with degree 2M resp. 3M for some M ∈ N, and e(X) = 12⌈ M 2 ⌉. Thus, we are in the situation of Theorem 1.
If k ⊆ C, Theorem 1 can be proven as follows: Apply the Shioda-Tate formula [Sh1, Cor. 5.3 ] to X to deduce that the singular fibres can maximally have type I ρ(X)−1 or I * ρ(X)−6 . Then Theorem 1 follows from the well-known fact e(X) = 6 5 h 1,1 (X) and the classical Lefschetz bound for the Picard number
In positive characteristic, however, we only have Igusa's bound involving the second Betti number
Since e(X) = b2(X) + 2, this leads to the weak estimate of inequality (6), which is independent of M . This observation holds true since both fibre types imply ρ(X) > h 1,1 (X) by the formula of Shioda-Tate. In terms of the corresponding elliptic surface, counterexamples to DS mod p naturally occur by way of inseparable base change. We now give a few examples.
Observation 3
Throughout the paper, we fix the rational elliptic surface Y with singular fibres of types III * at 0, II at 1 and I1 at ∞. A Weierstrass model of Y is given by
This has discriminant ∆ = −1728 t 9 (t − 1) 2 . For any p > 3, Y has good reduction mod p. In the following, we always start with Y over some fixed field Fp.
Example 4
Let p = 5. Let X be the pull-back of Y /Fp by the purely inseparable base change t → t 25 . Then X has singular fibres I25, III * , II. Thus it produces a counterexample to DS(5) mod p: Eliminating the common factor t (to the order 2 resp. 3), we obtain 
Note that we can apply the above constructions to any prime-power q = p r ≡ 1 mod 6. C. Schoen remarked that all these pull-back surfaces are unirational by construction. For fixed p, this gives infinitely many counterexamples to DS(M ) mod p for some wide-spread M . To prove Thm. 2, it thus remains to fill in the gaps in between these M .
These unirational examples are unified by two properties: On the one hand, the number of cusps stays unchanged under the purely inseparable base change. On the other hand, the contributions of the additive fibres are always small. Hence, the I ( * ) n fibre becomes more and more dominant (in terms of the degree of ∆ resp. the Euler number of the pull-back). This dominance still holds if we compose with suitable separable base changes.
The remaining ingredient of the proof of Theorem 2 is the following observation: Let X be a counterexample for DS(M ) mod p. Often X will also give rise to a counterexample for DS(M + 1) mod p. This can be achieved by adding a fibre of type I * 0 or transferring the * . In terms of f and g, this corresponds to adding a common (linear) factor:
We shall now make this explicit: Fix the characteristic p > 3 and let q = p or p 2 such that q ≡ 1 mod 12 and q > 13. Let X denote the pull-back of Y via t → t q . This has singular fibres Iq, III * and II (as in Ex. 4). It is easy to see that we obtain a counterexample to
. This suffices for DS(M + 1) mod p as explained above if q > 49. Then we shall ask whether it also suffices for DST (M + 2) mod p and so on.
In the following, we will apply the cyclic base changes
to our fixed X. Denote the resulting elliptic surface by X d . The singular fibres of X d are as follows:
We can read off from the singular fibres, that
. To prove Theorem 2, we only need the following
Lemma 7
There is some d0 ∈ N, such that for all
In other words, for d ≥ d0, X d fills all the gaps between M d and M d+1 with counterexamples. Hence we can choose M0 = M d 0 to deduce Theorem 2 from the above lemma.
Proof of Lemma 7: From Observation 3, it is easy to deduce that the lemma requires
Reading off the Euler number of X d from the singular fibres, we immediately obtain the bound
Hence it suffices to check that
so we need
Lemma 7 follows. 2
Corollary 8
In Theorem 2, it suffices to choose M0 = q + 2 if q = p r > 29.
Proof: Consider q ≡ 1 mod 12. Note that in this case M6 = q + 2. For q > 49, the corollary thus follows from inequality (5) in the proof of Lemma 7 which gives d0 = 6.
For q = 37, 49, d0 = 7. It remains to investigate the gap between X6 and X7. For q = 49, there is none, since φ7 becomes purely inseparable mod 7.
For q = 37, X6 produces counterexamples for M = 39, . . . , 44 while M7 = 46. To obtain a counterexample for M = 45, we use a base change π7 with ramification indices 7 at ∞, (2, 2, 2, 1) at 0 and (3, 1, 1, 1, 1) at 1. Over C, this depends on one parameter. This parameter can easily be chosen in such a way that π7 lives over Q with good reduction outside {2, 3, 7}. Applying π7 to X/F37 gives the required counterexample for M = 45. This concludes the proof of Corollary 8 for q ≡ 1 mod 12.
For q ≡ 7 mod 12, exactly the same argumentation applies (with some *s exchanged). For q ≡ 5 mod 6, we furthermore need the following base changes:
• π8 with ramification indices 8, (2, 2, 2, 2), (3, 2, 1, 1, 1). This can be obtained from φ2 as above and π4 as in [S1, §3] by way of reduction.
• The specializationπ7 of π7 with ramification indices 7, (2, 2, 2, 1), (3, 2, 1, 1). In fact, there are three such base changes overQ. These are conjugate in Q(x 3 −x 2 +5x+1).
• π6 : t → (2t 3 − 1) 2 with ramification indices 6, (2, 2, 2), (3, 1, 1, 1). 2
Remark 9
For q ≡ 5 mod 6, the above M0 cannot be improved by our techniques. For q ≡ 1 mod 6, however, one obtains the better bound M0 = 5q+7 6
by considering π6 as above and πH from [S1, §7] . Moreover, this bound holds also for q = 25.
Remark 10
By construction, the counterexamples can always be chosen to have coefficients in Fp. We only have to note that for p ≡ 5 mod 6 (p > 5), the base changeπ7 can be defined over Fp. This follows since Q( √ −3) is the intermediate field of Q(x 3 − x 2 + 5x + 1), so the polynomial factors into a linear and a quadratic factor.
Question 11
] if p ≡ 1 mod 6)?
For p = 7, we give an almost complete answer to the question for the respective interval [5,
] in Section 7.
Corrected Davenport-Stothers inequalities
This section discusses which bounds for deg(f 3 −g 2 ) exist in characteristic p > 3 (instead of the Davenport-Stothers inequality from characteristic zero). In terms of the corresponding elliptic surface X, we a priori only have Igusa's estimate (3). In case f 3 = g 2 , this estimate directly implies the bound
For X rational, i.e. M = 1, 2, this bound is sharp. However, for M > 2, examples as 4 -6 indicate that the actual bounds should be increased. The following proposition states a first result. The partial improvement in Remark 15 will be subject to the Tate Conjecture.
Proposition 12
Then
Comparable to Obs. 3, Prop. 12 is equivalent to the following lemma, applied to X f,g with e(X) = 12⌈ M 2
⌉:
Lemma 13 Let p > 3 and X an elliptic surface over P 1 in characteristic p with Euler number e. If X has a fibre of type Ie−3 or I * e−8 , then X is rational (i.e. e = 12).
The case of e = 24 (thus M = 3, 4) has been proven in [S2] for all p. The proof therein used Artin's theory of supersingular K3 surfaces [A] and in particular the Artin invariant. In the following, we will combine the techniques from [S2] with a result which resembles the Artin invariant.
Theorem 14
Let X be a smooth projective surface over a field k of characteristic p such that ρ(X) = b2(X). Let N = N S(X)/N S(X)tor. Then
C. Liedtke pointed out to me that Thm. 14 can be derived from results of Illusie [Il, 5.21 ].
Here, we sketch an alternative proof:
For any ℓ = p, we have an Isomorphism
This implies that the discriminant equals ±p r . The above sign follows from the Algebraic Index Theorem. The evenness of the exponent r is seen as follows:
Let k ′ = Fq be a finite extension of k such that N S(X) is generated by divisors over k ′ . 
For the definition of α, see Lemma 21. Here, we shall only need that q is a square. The same holds for |Br(X/k ′ )| by [LLR] . Hence the claim follows. 2
Proof of Lemma 13: Assume the converse, i.e. X is not rational. In terms of Prop. 12, this reads as M > 2. By the formula of Shioda-Tate, X is supersingular (in Shioda's sense), so Thm. 14 applies. Furthermore, M W can possibly only be p-torsion. (For M = 1, 2, M + 1-torsion would be possible.)
If X has a fibre of type Ie−3, then
Since this is divisible by 3, we obtain the required contradiction to Illusie's Theorem 14. The same argument (with 2-divisibility) applies to type I * e−8 where
Remark 15
For 
We expect that these increased bounds hold for any M > 2.
Characteristic 3
In characteristic 2 and 3, the polynomial relation from Theorem 1 is pointless (cf. [Sh2, Rem. on p. 9]). Similarly, the Weierstrass form (1) is not available in these characteristics. However, we can still ask whether there are elliptic surfaces over P 1 with fibres which were impossible over C (for fixed Euler number). This question is interesting due to the possibility of wild ramification. For rational and K3 elliptic surfaces, the answer is negative (cf. [S2] ). This section concerns characteristic 3. We shall start with an example: Consider the extremal rational elliptic surface
This has singular fibres I9 and II with wild ramification at the latter and a 3-section (0, 1). Let X3 be the pull-back via φ3. It follows from Tate's algorithm [T3] that its singular fibre at 0 has type IV * . In particular, X3 is extremal and unirational (thus supersingular).
On the other hand, we can transfer the * to the cusp at ∞ to obtain X * 3 with singular fibres I * 27 , II. As e(X * 3 ) = 36, the I * 27 fibre contradicts the C-bounds for the singular fibres. Using the other cyclic base changes φ d as well, we will derive the
Proposition 16
Let e ∈ 12 Z with e ≥ 96. In characteristic 3, there are elliptic surfaces over P 1 with Euler number e contradicting the C-bounds for multiplicative and additive fibres (that is, with a fibre of type In, n ≥ 
We verified both statements explicitly using Tate's algorithm. They can also be derived from [MT, Thm. 2 .1].
Combining the two statements of Lemma 17 for arbitrary φ d , we obtain the estimate
Then we apply the techniques of Section 2 to find that Proposition 16 is guaranteed if d ≥ 18 (that is, e ≥ 180). Going backwards and checking base changes in detail, we verify that there are in fact enough examples to cover all Euler numbers from 96. 2
Remark 18
For e = 12, 24, the C-bounds hold by [S2] . By Prop. 16, the only fibre types and Euler numbers where this also might be true, are multiplicative for e = 36, 48, and additive for e = 72, 84.
Corollary 19
Let the characteristic be 3. There is an elliptic surface over P 1 with Euler number e and a fibre of type Ie−3, if and only if e − 3 = 3 2r for some r ∈ N. Fibres of type I * e−8 are impossible for e > 12, while type I * e−9 occurs infinitely often.
The claimed fibre types are realized by the pull-backs X 3 2r and X * 3 2r−1 . The restrictions follow from the proof of Lemma 13.
We conclude the investigation of characteristic 3 with the remark that the surfaces X3r and X * 3 r are unirational. For X3r , this follows directly from the construction. For X * 3 r , we use the rational elliptic surface
with singular fibres I * 3 at ∞ and II at 0. This has a non-torsion section P = (1, 1) of height . The pull-back Z3 of Z via φ3 is exactly the *-twist X * of X. In other words,
The unirationality follows. We furthermore see that N S(X * 3 r ) is generated by fibre components, the 0-section and φ * 3 r+1 P . By the theory of Mordell-Weil lattices [Sh1] , we obtain discr N S(X * 3 r ) = −3 In characteristic 2, a similar result can be obtained for multiplicative fibres by the same means:
Proposition 20
Let e ∈ 12 Z with e > 24, e = 60. In characteristic 2, there is an elliptic surface over P 1 with Euler number e, contradicting the C-bounds for multiplicative fibres (that is, with a fibre of type In, n ≥ 5 6 e).
We omit the proof. It imitates the argumentation of Proposition 16, starting from the extremal elliptic surface with singular fibres I8, III (cf. [It] ).
This approach produces a unirational elliptic surface with a fibre of type Ie−4 whenever e − 4 = 2 2r+1 . Note that type Ie−3 with e > 12 is again impossible by the proof of Lemma 13.
It is unclear to the authors which type the maximal additive fibres might have in characteristic 2, since then the transfer of * is not available. Turning to quasi-elliptic fibrations, it is always possible to give a fibration over P 1 with a fibre of type I * e−8 , e ∈ 12N:
We :
6 Néron-Severi group over F p This section concerns the field of definition for generators of the Néron-Severi group. Consider the rational elliptic surfaces X and Z over F3 introduced in Sect. 4. It is immediate that N S(X) and N S(Z) are generated over F3. The same holds for the pull-backs X3r and Z 3 2r . We find this worth noticing since it is contrary to the situation for supersingular K3 surfaces (for odd characteristic, see [A, (6.8)] ). In fact, Artin's argument can be generalized:
Lemma 21
Let k be a finite field and X/k be a smooth projective surface. Let
Proof: Assume that ρ(X/k) = b2(X). Then the Artin-Tate Conjecture applies to X/k. We employ the notation of the proof of Thm. 14 (for general k). In eq. (7), the right hand-side is a square by [LLR] and Thm. 14. Hence, this also holds for q α(X) . This is equivalent to the claim. 2
Applied to (supersingular) K3 surfaces, this gives Artins's argument, since then α = 1.
Further surfaces with ρ(X/Fp) = b2(X) can easily be constructed: Over F2, pull-back from the rational elliptic surface with fibres I8, III via φ 2 2r as in the previous section. Moreover, Tate's algorithm [T3] shows that the exceptional fibre of the quasi-elliptic surface We from (8) has all components defined over F2 if and only if e ∈ 24N.
Secondly, let p > 3 and consider the surface Y from (4) 
DS mod 7
This section concludes the paper with a study of DS mod 7. By Remark 9, applied to q = 49, DS(M ) does not hold mod 7 for M ≥ 42. The following table collects all further counterexamples which can be obtained from (inseparable) base change.
The first column lists the degree M . It is followed by the base changes used to construct a counterexample from the rational elliptic surface Y /F7. To compose those base changes which are separated by a comma, we need an automorphism of P 1 translating some cusps. We omit the details, since these can be extracted from the resulting fibre configuration. This is displayed in the third column. In the table, there is one base change which has not been introduced yet. We define it as π5 : t → t 5 10t 2 − 15t + 6 .
The local ramification indices are 5, (3, 1, 1), (3, 1, 1). As a consequence, all base changes involved can be defined over F7 (since they live over Q and reduce nicely). The same can be checked for the compositions.
One word concerning the gaps at M = 12 and 15: One could try to fill these by composing φ7 with a base change of respective degree 9 and 11. The first one should have ramification indices 9, (2, 2, 2, 2, 1), (3, 3, 1, 1, 1). By Grothendieck's theory of dessins d'enfant, such a base change can be realized over a quadratic extension of Q. However, as I. Bouw pointed out, we cannot expect it to have good reduction at 7.
On the other hand, the second base change requires ramification indices 11, (2, 2, 2, 2, 2, 1), (3, 3, 1, 1, 1, 1, 1) with one parameter left. One might hope that this parameter enables us to find a base change (over Q) with good reduction at 7. We have, however, not tried to do so. 
